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Numerical Analysis of a Swept-Fin Missile

Kenneth J. Moran¤ and Philip S. Beran†

U.S. Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433-7765

The � ow about the complete Hypersonic Applied Research Technology missile is simulated for inviscid, laminar,
and turbulent conditions and Mach numbers from 2 to 6. An explicit, second-order-accurate, � ux-difference-
splitting algorithm is implemented and employed to solve the Navier–Stokes equations. The equations are solved
using a � nite volume methodology. The formulation models turbulence with the zero-equation, Baldwin–Lomax
turbulence model, accountingfor pressure-gradient and compressibility effects. It is foundthatazimuthalclustering
near the � ns is crucial to predicting the pitching-moment coef� cient at Mach numbers above 4. Static stability
for laminar � ow is found to improve very slightly over inviscid � ow as Mach number increases. In the turbulent
simulations, the structure of the � ow near the � ns is changed. In the � n region, the cross� ow becomes blocked, and
the turbulence causes bleeding around the � n leading edges. Ultimately, this results in lower � n effectiveness and
reduced static stability.

Nomenclature
Cm®

= pitching-moment coef� cient
D = diameter
E; F; G = Cartesian � ux components
OE; OF; OG = numerical � ux components

et = total energy per unit volume
F = � ux vector per unit area
L » ; L´; L ³ = Strang operators
M1 = freestream Mach number
On = unit normal vector
p = pressure
q = extrapolatedquantity: density, pressure, velocity
qx ; qy; qz = Cartesian heat � ux components
OR = eigenvector of � ux Jacobian
Re = Reynolds number
S = surface area
S»

x ; S»
y ; S»

z = Cartesian projections of a cell face area
t = time
U = dependent variables, conserved quantities
u; v; w = Cartesian velocity components
V = volume
yC = nondimensionalboundary-layerdistance
® = angle of attack
° = ratio of speci� c heats
½ = density
¿x x ; ¿yy ; ¿zz; = shear stresses
¿x y; ¿x z; ¿yz
O8 = characteristic-baseddissipation term
Á = azimuthal angle

Introduction

T O predict, substantiate,and understandthe static-stabilitychar-
acteristicsof a genericmissilecon� gurationat high Mach num-

bers, the HypersonicAppliedResearchTechnology(HART) missile
was developedfor experimental testing.1 The model consisted of an
ogive nose, cylindrical body, and one four-� n group located near
the extreme aft end of the projectile (shown in Fig. 1 with a sharp
nose tip and delta � ns). The HART con� guration was intended to
provide the baseline characteristicsof slender � n-stabilized bodies
from low supersonic to hypersonicvelocities.

Experimentaltestingof the HART missilebegan in 1987, andsev-
eral empirical and inviscid computations have been performed.1;2
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To date, experimental, empirical, and inviscid computational anal-
yses have had varyingdegrees of agreement.1;2 In particular, the in-
viscidcomputationalpredictionsof thepitching-momentcoef� cient
from the ZEUS code1 and the EAGLE code2 differed signi� cantly
above Mach 4. The EAGLE solver computed a greater decrease in
Cm® with increasing M1 and much lower stability margins.2

The purpose of this study is to resolve the con� icts between pre-
vious computations and determine the true baseline static stability
characteristics of the HART missile. Because of limitations in the
experimental facility, the characteristicsabove Mach 4 must be ob-
tained computationally. The disagreement between the ZEUS and
EAGLE predictions is resolved in the current study using a new
algorithm. This new algorithm is then used to obtain solutions for
laminar and turbulent � ow to evaluate the effects of viscosity and
turbulenceon the static stability of the HART missile.

In this study, computationsare made for the HART missile with a
sharp nose tip and clipped delta � ns using the in� nitely thin-� n ap-
proximation. A � ux-difference-splitting algorithm is employed for
the current calculations and was extensively validated for similar
con� gurations where most grid re� nement issues were addressed.3

A grid re� nement and sensitivity study is made to evaluate the vari-
ation of pitching moment with azimuthal grid spacing and the sen-
sitivity of Cm® to ®. Numerical experiments are then undertaken to
determine the aerodynamiccoef� cients of the HART missile. Para-
metric Mach number studies .M1 D 2¡6/ are conductedfor ® D 0
and 5 deg under inviscid, laminar, and turbulent conditions. Static
stability is investigated over the Mach range with the emphasis on
the trend above Mach 4 (i.e., whether the HART con� guration is
statically stable between Mach 4 and 6).

The quality of the in� nitely thin � n was examined by the � rst
author.4 For the � ight conditions of interest in this study, � n thick-
ness was found not to signi� cantly alter the � ow structure or Cm®

behavior with change in Mach number.

Analysis Methodology
Description of Grid

A two-dimensional C grid is constructed and then rotated about
the body centerline to produce a three-dimensional grid. In this
way, each plane is normal to the missile body, and the � ns coincide
with distinct grid planes.The two-dimensionalC grid is constructed
suchthat a cell centerslightlydisplacedfrom theaxisymmetryline is
mirroredby one displacedexactly the same amount,but azimuthally
located 180 deg apart. Grid spacing in the streamwise and normal
directions is based on the validations of the current algorithm for
similar con� gurations at Mach numbers from 2 to 8 in Ref. 4. The
two-dimensional grid is body conforming with » grid lines normal
to the missile surface and ´ grid lines normal to the symmetry line.

The nose tip is very slightly rounded to more accurately repre-
sent the experimental model and enable the bow shock to be cap-
tured a small distance away from the surface. The modi� ed nose is
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Fig. 1 HART baseline model.

spherically rounded with Rn=Rb D 0:05. Dolling and Gray5 found
that surface pressure (away from the tip) and boundary-layerdevel-
opment are virtually unaffected by this level of blunting.

Governing Equations
The integral form of the Navier–Stokes equations is written as

d

dt V

U dV C
S

On ¢ F dS D 0 (1)

The volume of the region over which Eq. (1) is applied is V , and
the bounding surface of that region is S.

The nondimensional � ux de� nitions in each Cartesian direction
are6

Onx ¢ F D E D

½u

½u2 C p ¡ Re¡1¿x x

½uv ¡ Re¡1¿x y

½uw ¡ Re¡1¿xz

.et C p/u ¡ Re¡1 u¿x x C v¿x y C w¿xz ¡
qx

.° ¡ 1/M2
1

Ony ¢ F D F D

½v

½uv ¡ Re¡1¿x y

½v2 C p ¡ Re¡1¿yy

½vw ¡ Re¡1¿yz

.et C p/v ¡ Re¡1 u¿x y C v¿yy C w¿yz ¡
qy

.° ¡ 1/M2
1

Onz ¢ F D G D

½w

½uw ¡ Re¡1¿x z

½vw ¡ Re¡1¿yz

½w2 C p ¡ Re¡1¿zz

.et C p/w ¡ Re¡1 u¿xz C v¿yz C w¿zz ¡
qz

.° ¡ 1/M2
1

(2)

The equation of state for a perfect gas de� nes pressure.The viscous
stresses and heat-� ux vector can be found in Ref. 6. For inviscid
calculations, those terms preceded by Re¡1 are set to zero. For
laminar viscous computations, ¹ is determined using Sutherland’s
formula.6 For turbulent � ow, eddy viscosity¹t is invoked to achieve
closure.7

Turbulence Modeling
A location is selected along the missile length to separate lami-

nar and turbulent portions of the boundary layer; a fully turbulent
condition is assumed for the wake region. Eddy viscosity ¹t is cal-
culated only in the turbulent regions. The point designated to delin-
eate the laminar and turbulent regions is selected on the ogive nose
at x=D D 1:25 based on experimental evidence.2 The Baldwin–

Lomax algebraic model8 is used to compute ¹t on the turbulent
portion of the forebody because of its relatively low computational
cost and ease of application.An empiricalmodel is used to calculate
¹t in the wake. The implementation of the Baldwin–Lomax model
and the empirical wake model with the current numerical algorithm
was extensivelyvalidatedfor � nlessmissile con� gurationsin Ref. 9.
The choice of a zero-equation turbulence model is appropriate for
the � ight conditionsunder investigation.The � ow remains attached,
and no vortical structures develop.

General Algorithm Description
The Navier–Stokes equations (Reynolds averaged for turbulent

� ows) are solved with an explicit, time-integrationtechnique,incor-
porating an upwind, Roe type, � ux-difference-splitting(FDS) for-
mulation based on the work of Refs. 10 and 11. In the FDS method,
the convective terms are modi� ed in an upwind manner, and the
viscous terms are centrally differenced. The modi� ed convective
� uxes are approximationsto average � uxes at cell interfacesand, as
such, are often callednumerical � uxes. In addition,the modi� cation
is second-order preserving for those interfaces located away from
extrema (e.g., shocks). The current scheme uses the non-MUSCL
technique to determine the numerical � uxes at cell interfaces.11 The
� ux in the » -coordinate direction at the .i C 1

2 ; j; k/ interface is,
therefore, approximated by

OEi C 1
2 jk ´ 1

2
S»

x i C 1
2 jk

.E i C 1 j k C E i jk/ C S»
y i C 1

2 jk

£ .Fi C 1 jk C Fi jk / C S»
z i C 1

2 j k
.G i C 1 jk C G i j k/

C 1
2 .Vi C 1 j k C Vi jk / ORi C 1

2 j k
O8i C 1

2 j k (3)

The additionof the last term in Eq. (3) is a modi� cationto Roe’s � rst-
order,FDS algorithm.12 For Roe’s scheme, O8 is composedof eigen-
values and characteristicvariables and simply acts as an upwinding
term. Because of the work of Harten and Yee, O8 also acts to limit
the characteristicvariables, thereby providing higher accuracy.10;11

This is done in the current study with the minmod limiter; details
regarding the development and implementation of the limiter are
contained in Ref. 4. Explicit forms for OR and O8 are also set forth
in Ref. 4. The other interfaces have numerical � uxes with similar
construction.

Equation (1) is then written as

U n C 1
i jk D U n

i j k ¡ 1t

Vi jk

OEn
i C 1

2 jk
¡ OEn

i ¡ 1
2 jk

C OFn
i j C 1

2 k

¡ OFn
i j ¡ 1

2 k
C OGn

i j k C 1
2

¡ OGn
i jk ¡ 1

2
(4)
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The scheme is implemented as a set of one-dimensional opera-
tors utilizing the Strang-type fractional-step11 method to ensure that
second-order spatial accuracy is preserved:

U n C 2
i jk D Lh=2

´ Lh
» Lh

³ Lh
´ Lh

³ Lh
» Lh=2

´ U n
i jk (5)

where

Lh=2
´ U n

i jk D U ¤
i jk D U n

i jk ¡ 1t

2Vi jk

OFn
i j C 1

2 k
¡ OFn

i j ¡ 1
2 k

Lh
» U ¤

i jk D U ¤¤
i jk D U ¤

i jk ¡ 1t

Vi j k

OE¤
i C 1

2 j k
¡ OE¤

i ¡ 1
2 j k

(6)

Lh
³ U ¤¤

i jk D U ¤¤¤
i jk D U ¤¤

i j k ¡ 1t

Vi jk

OG¤¤
i j k C 1

2
¡ OG¤¤

i j k ¡ 1
2

Applicationof theentiresequenceof operatorsadvancesthe solution
two time levels.

Table 1 Summary of numerical experiments
for sharp nose tip model, without base region

Case M1 ® I £ J £ K .1r=D/jbody

Inviscid (coarse grid)
S1 2.0 0 61 £ 81 £ 33 0.001
S2 3.0 0 61 £ 81 £ 33 0.001
S3 3.5 0 61 £ 81 £ 33 0.001
S4 4.5 0 61 £ 81 £ 33 0.001
S5 6.0 0 61 £ 81 £ 33 0.001
S6 2.0 5 61 £ 81 £ 33 0.001
S7 3.0 5 61 £ 81 £ 33 0.001
S8 3.5 5 61 £ 81 £ 33 0.001
S9 4.5 5 61 £ 81 £ 33 0.001
S10 6.0 5 61 £ 81 £ 33 0.001

Laminar (coarse grid)
S11 2.0 0 61 £ 81 £ 33 0.001
S12 3.0 0 61 £ 81 £ 33 0.001
S13 3.5 0 61 £ 81 £ 33 0.001
S14 4.5 0 61 £ 81 £ 33 0.001
S15 6.0 0 61 £ 81 £ 33 0.001
S16 2.0 5 61 £ 81 £ 33 0.001
S17 3.0 5 61 £ 81 £ 33 0.001
S18 3.5 5 61 £ 81 £ 33 0.001
S19 4.5 5 61 £ 81 £ 33 0.001
S20 6.0 5 61 £ 81 £ 33 0.001

Laminar (� ne grid)
S21 2.0 0 61 £ 101 £ 33 0.000025
S22 3.5 0 61 £ 101 £ 33 0.000025

Turbulent (coarse grid)
S23 2.0 0 61 £ 81 £ 33 0.001
S24 3.0 0 61 £ 81 £ 33 0.001
S25 3.5 0 61 £ 81 £ 33 0.001
S26 4.5 0 61 £ 81 £ 33 0.001
S27 6.0 0 61 £ 81 £ 33 0.001
S28 2.0 5 61 £ 81 £ 33 0.001
S29 3.0 5 61 £ 81 £ 33 0.001
S30 3.5 5 61 £ 81 £ 33 0.001
S31 4.5 5 61 £ 81 £ 33 0.001
S32 6.0 5 61 £ 81 £ 33 0.001

Turbulent (� ne grid)
S33 2.0 0 61 £ 101 £ 33 0.000025
S34 3.5 0 61 £ 101 £ 33 0.000025

Table 2 Summary of numerical experiments used for grid sensitivity analysis (blunt nose tip model)

Case M1 ® I £ J £ K 1Ámin 1Ámax .1r=D/jbody Description

R1 3.5 5.0 61 £ 81 £ 33 5.6250 5.6250 0.001 Laminar, uniform 1Á
R2 3.5 5.0 61 £ 81 £ 65 2.8125 2.8125 0.001 Laminar, uniform 1Á
R3 3.5 5.0 61 £ 81 £ 105 1.7308 1.7308 0.001 Laminar, uniform 1Á
R4 3.5 5.0 61 £ 81 £ 33 0.5000 15.5000 0.001 Laminar, clustered 1Á
R5 3.5 2.5 61 £ 81 £ 33 0.5000 15.5000 0.001 Laminar, clustered 1Á
R6 3.5 0.5 61 £ 81 £ 33 0.5000 15.5000 0.001 Laminar, clustered 1Á

Boundary Conditions
Because of the supersonic condition at both the in� ow and out-

� ow boundaries, the associated boundary conditions are relatively
straightforward;at the in� ow, freestreamconditionsare applied,and
at the out� ow, extrapolation is employed. For the body, base, and
� n surfaces, impermeability or no slip (viscous only) are enforced.
Also, on solid surfacesa vanishingpressuregradientanda vanishing
density gradient or an adiabatic wall (viscous only) are enforced.
Because the HART missile is bisymmetric, and the model was in-
clinedwithin one of the planesof symmetry, calculationswere made
around only half the circumferenceof the missile. Symmetry is then
enforced at the azimuthal boundaries. For ® D 0, axisymmetry is
appliedat the singular line boundary.When ® 6D 0, the followingex-
trapolation is used to determine density, pressure, and each velocity
component at the singular line:

q1 D 3q2 ¡ 3q3 C q4 (7)

Equation (7) was developedin Ref. 4; subscripts1 and 2 refer to the
two cell centers nearest the symmetry line.

Results
The case history of calculationsmade to assess the aerodynamics

of the HART missile is tabulated in Table 1. The Mach number is
varied from 2 to 6, and calculations are made at ® D 0 and 5 deg
for inviscid, laminar, and turbulent � ow� eld conditions. A limited
number of computations are performed with re� ned spacing near
the missile body (cases S21, S22, S33, and S34). The spacing near
the missile body for these cases is equivalent to yC ¼ 1. Because
of limited resources, computations with the re� ned grid are done
for only two Mach numbers. Cases S11, S12, S16, and S17 were
computed by Blake13 as part of an M.S. thesis involving parallel
computing techniques. Blake used the present algorithm to make
those computations.

Table 2 lists the computations made to assess two sensitivity is-
sues. The grid dimensions (I; J , and K ) refer to axial, radial, and
azimuthal dimensions, respectively.Cases R1–R4 vary the angular
spacing(1Á) near the � n to determinethe sensitivityof thepitching-
moment coef� cient. The spacing is varied from approximately 6 to
0.5 deg. In addition, the angle of attack is varied from 5 to 0.5 deg
(cases R4–R6) to determine the variation of Cm® with ®. All sensi-
tivity calculations are conducted at M1 D 3:5 on a highly blunted
HART variation.

The pitching-moment coef� cient Cm® shows some sensitivity to
angular spacing. Figure 2 demonstrates that Cm® is in� uenced sig-
ni� cantly by the angular spacing near the � ns. As 1Á decreases
from 6 to 0.5 deg, Cm® decreases (more negative) about 30%. In
addition, Cm® appears to be approaching an asymptotic value near
0:5 deg. Throughout the rest of this study, results are presented for
nodes clustered near the � ns.

The rate at which the pitching moment vanishes as ® ! 0 is
shown in Fig. 3. As the angle of attack increases, the pitching-
moment coef� cient changes only slightly. The three values of Cm®

plotted in Fig. 3 differ by about 1%. Unfortunately, resource lim-
itations prevent this analysis from being repeated at other Mach
numbers. However, the results at M1 D 3:5 agree with inviscid lin-
ear theory,14 which indicates that Cm®

is independentof ®. An angle
of attackof 5 deg is representativeof the experimentsand is selected
in the current study for all remaining computations performed with
a nonzero angle of attack.

The inviscid pitching-moment results are primarily compared
with previous inviscid results from EAGLE. Comparisons are also
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Fig. 2 Pitching-momentcoef� cient sensitivity to angularspacing near
the � n.

Fig. 3 Pitching-moment coef� cient sensitivity to angle of attack.

Fig. 4 Pitching-moment coef� cient for clipped-delta-� n model.

made to the experimental data to con� rm the trends of Cm® with
M1 at lower Mach numbers. The EAGLE results are shown with
the experimentaldata and thecurrentinviscidresults (casesS1–S10)
in Fig. 4. The Ballistic Gun Range Facility limits the experimental
data testing to Mach numbers below 4.5 (Ref. 1). Experimentaldata
between Mach 3.9 and 4.5 are not shown in either � gure because of
possible experimental model variations.4

In contrast to the EAGLE results, the current results show a much
gentler decrease in the stability margin as Mach number increases
beyond 4. Although free-� ight data are unreliable for M1 > 3:9,
available data above Mach 3 also appear to exhibit a more modest
decline in Cm®

. The difference between the values predicted by the
EAGLE solverand thosepredictedby the currentsolverarevery im-
portantbecauseneutralstabilityis reachedat M1 D 7 with EAGLE.
The authors believe the difference is related to the azimuthal clus-
tering of nodes in the present study vs coarse unclustered nodes in
the EAGLE study. In this study, coarse unclustered azimuthal grid
spacing underpredicted the stability coef� cient by over 20%.

Fig. 5 Comparison of pitching-momentcoef� cient from three inviscid
solvers.

Fig. 6 Cross-plane
streamlines, case S6:
M 1 = 2 and ® = 5 deg.

In Fig. 5, the Cm®
– M1 trends for all inviscid computations(prior

and present) on the sharp nose tip model are compared. The ex-
perimental data are included for reference. The ZEUS results from
the baseline delta-� n con� guration are included to provide useful
qualitativeinformationat higherMach numbers.Above Mach 4, the
present computationsdepict a trend with Mach number that is sim-
ilar to that predicted by ZEUS. Again, the difference in the EAGLE
predictionsis believed to be related to azimuthal clusteringnear the
� n surfaces.

The crossplanevelocitycomponentsare shown in Fig. 6 for invis-
cid � ow at M1 D 2 and ® D 5 deg (case S6). Streamlines created
from the crossplanevelocitiesare also shown in Fig. 6. The shapeof
the streamline, which begins on the windside of the missile near the
symmetry plane .y D ¡1:25; z D 0/, shows that the cross� ow is
not signi� cantly displaced from the missile surface (expect for the
region above the leeside � n). In addition, the velocity vectors show
that the cross� ow is small, and the expansion and compression on
each � n are distinctly separated.

The effects of viscosity are initially assessed for laminar
boundary-layer conditions. Most experiments indicate that the
boundary layer becomes turbulent upstream of the � ns, but the im-
pact of turbulence is best determined after laminar results are docu-
mented.Again,pitching-momentcoef� cientsfrom thepresentstudy
are plottedvs Mach numberwith the experimentaldata (Fig. 7). The
inviscid results that were previously discussed are included for ref-
erence. Interestingly, the laminar and inviscid results agree at low
Mach numbers, and begin to diverge at about M1 D 3:5. At the
higher Mach numbers, the boundary layer appears to improve Cm®

(i.e., Cm® is more negative).
The pressure contours in the crossplane (y–z plane) for laminar

� ow and ® D 5 deg at M1 D 2 and 6 (cases S16 and S20) are com-
pared to those for inviscid � ow (cases S6 and S10) in Figs. 8 and 9.
These crossplanecontour plots are for x=D D 21:8, an axial station
near the middle of the � ns.
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Conclusions
Using the present developed technique, the � ow about the com-

plete HART missile con� guration is simulated. As expected, pitch-
ing moment is dominated by compressibility effects because � n
effectiveness is seen to decrease with increasingMach number. The
aerodynamic characteristics of the HART missile are predicted at
Mach numbers beyond the experimental testing capabilities. The
current simulations predict the HART con� guration to be statically
stable through Mach 6.

The current predictions also indicate that Cm® decreases with in-
creasingMach numbermuch less than the previousEAGLE compu-
tations. The differences in Cm® between the current inviscid results
and EAGLE results above M1 D 4 suggest that the clustering of
nodes near the � n surfaces is very important as Mach number in-
creases. In this study, large azimuthal grid spacing near � n surfaces
underpredicted the stability coef� cient by over 20%.

For laminar � ow, the boundary layer has in� uenced the pressure
distribution slightly. As Mach number increases, the presence of
viscosity causes less decrease in the pitching-moment coef� cient.

The presence of turbulence is found to be signi� cant. The expan-
sion and compressionassociated with the upper and lower surfaces
of the inclined � ns produce less net lift for the present turbulent
computations than the present inviscid or laminar computations. In
the � n region, the cross� ow becomes blocked, and the turbulence
causes bleeding around the � n leading edges. Ultimately, this re-
sults in lower � n effectiveness and reduced static stability. These
zero-equationturbulencemodel results could serve as a baseline for
results using other turbulence models.
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